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Estimation of the Duplication History
under a Stochastic Model for Tandem Repeats
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Abstract—We present a stochastic model for tandem duplication and substitution mutations that can be used to estimate
relative mutation rates and the total number of mutations in a
tandem repeat sequence. Parameters of the model include the
probability of a substitution mutation and the probabilities of
tandem duplications of various lengths. Our model indicates
that if the probability of substitution mutations is insignificant,
little information can be obtained from a sequence (which has
undergone only tandem duplication). On the other hand, in
the presence of both substitution and tandem duplication, one
can estimate the parameters of the model, using which we can
estimate the number of mutations of each type. We validate
our estimation method via Monte Carlo simulation and show
that it outperforms the state-of-the-art algorithm for discovering
the duplication history. We also apply our method to tandem
repeat sequences in the human genome, where it demonstrates
the different behaviors of micro- and mini-satellites and can be
used to compare mutation rates across chromosomes.

I. I NTRODUCTION
Tandem repeats, which form about 3% of the human
genome [1], are segments of DNA that primarily consist
of repeats of a certain pattern. The number of copies in
tandem repeats is highly variable and is prone to change
due to tandem duplication mutations. Furthermore, tandem
repeats are subject to point mutations [2]. The variability of
tandem repeats enables them to be used in population genetics
[3] as well as human identity testing [4]. Tandem repeats
may cause expansion diseases, gene silencing [5], and rapid
morphological variation [6].
A mechanisms suggested for the formation of tandem repeat
sequences, especially those of shorter lengths, is slipped-strand
mispairing [7], also known as replication slippage [8]. This
mechanism refers to the misalignment of the template and
the nascent strand during DNA replication. It is thought that
the presence of similar or identical sequences, which may
occur by chance in the first place, increases the probability
of misalignment [7].
In this work, we present and analyze a model of the evolution of tandem repeat sequences via tandem duplication and
substitution mutations. The starting point is a short sequence
which we refer to as the seed. At each mutation step, either
a tandem duplication or a substitution mutation occurs, each
with a given probability. Furthermore, tandem duplications of
different lengths do not necessarily have the same probability.
We show analytically that certain statistical features of the
sequence converge as the number of mutations increases. This
in turn allows us to i) predict the behavior of the sequence after
a large number of mutations if we have the parameters of the
model, or ii) estimate the parameters of the model given the
sequence after a large number of mutations. In other words,

given a sequence that is the result of the aforementioned
process, we can estimate conditional mutation probabilities
without any other information or comparison with homologous
sequences from other organisms.
We study two cases in the evolution of tandem repeats. First,
we consider the case in which substitution mutations do not
occur and the only type of mutation is tandem duplication. We
show that in this case, while the prediction of evolutionary
behavior is easy, estimation of model parameters, including
the probabilities of tandem duplications of given lengths, is
difficult. This is because as the number of mutations increases,
the sequence demonstrates periodic behavior, lacking features
that can be leveraged for estimation. Perhaps surprisingly, the
period of this sequence is not necessarily the most common
or the shortest possible tandem duplication length.
We then consider the more interesting case in which both
tandem duplication and substitution mutations occur. In this
case, substitutions disrupt the periodic pattern that would arise
from tandem duplications. As a result, after a large number
of mutations, the resulting sequence is more complex and
informative, allowing us to estimate the model parameters.
Specifically, from such a sequence, we can estimate the probability of a substitution in each step, as well as the probabilities
of tandem duplications of different lengths. Furthermore, we
can estimate the total number of mutations that gave rise to
the sequence under study. We apply this method to the tandem
repeats in the human genome, which enables us to investigate
the prevalence of substitutions in repeats of different lengths
and to compare the average number of mutations among
chromosomes. We show that two classes of tandem repeats
are observed based on their mutation profiles and that this
classification is compatible with the mini- and micro-satellite
classification based on pattern length. Furthermore, our analysis illustrates that the average numbers of mutations in some
chromosomes are higher than others. Interestingly, this agrees
with another measure of mutation activity, i.e., comparison
with the chimpanzee genome: The chromosomes with higher
mutation counts in repeated regions are the same as the ones
that have diverged most from chimpanzee chromosomes. Our
results demonstrate that the proposed estimation method can
be used to study various aspects of tandem repeat sequences,
such as the effects of different factors on mutation rates, at a
large scale.
In previous work on modeling tandem duplication and
substitution mutations, it is often assumed that in each step,
the length of the sequence grows by at most one repeat unit,
which simplifies the analysis; see, e.g., [9] and references
therein. Our model however allows duplications of lengths
longer than one repeat unit at a time. Note that models
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Figure 1: An example of estimating q as q̂.

that do not allow longer duplications may underestimate the
probability of substitution and overestimate the probability of
tandem duplication since more duplication events are needed
to account for the observed copy number. Models proposed
in [10] and [11] include duplications of lengths longer than
one repeat unit. But these works only consider perfect tandem
repeats, in which all copies are identical. Imperfect tandem
repeats, however, are common in genomic data. Furthermore,
unlike [10] and [9] that use Markov chains and branching
processes for modeling, our analysis is based on stochastic
approximation, which enables the description of new aspects
of the problem. In particular, we see that the observed period in
a tandem repeat sequence is not necessarily the most common
duplication length (Theorem 1) and that the presence of substitutions allows the estimation of mutation probabilities ((14)).
Finally, these papers are not concerned with recovering the
duplication history, which is a focus of the current paper.
Recovering the duplication history has been studied in [12],
[13], [14], which take a combinatorial approach to solving the
problem. Via simulation, we show that the method proposed
in this paper outperforms the state-of-the-art method, called
DTSCORE [14]. Estimation of the duplication history using
a stochastic model, to the best of our knowledge, has not
appeared in the literature before.
The Model and Examples of Estimation: Before describing
the methods in more detail, we present the proposed model
and an example of the estimation of conditional mutation rates.
Consider a sequence over some alphabet A that evolves over
time through tandem duplication and substitution mutations.
The starting sequence, called the seed, is denoted by s(0) . In
each step i, a mutation converts the sequence s(i−1) to s(i) .
If the mutation occurring at time i is a substitution, its
position is chosen at random among all symbols of s(i) .
That symbol is then changed randomly to one of the other
symbols of A. If the mutation is a tandem duplication of

length `, a substring of length ` is chosen uniformly at random,
duplicated, and inserted in tandem. We use q0 to denote the
probability that the mutation in any given step is a substitution
and q` , ` > 0, to denote that it is a tandem duplication of
length `. We assume that there exists K such that q` = 0
for
PKall ` > K. Finally, we let q = (q0 , q1 , . . . , qK ) where
i=0 qi = 1. Note that q represents conditional mutation
probabilities given that a mutation occurs and not the mutation
probabilities per generation.
Let A = {A, C, G, T}. As an example, suppose that
s(i−1) = TCACAGT, and that in step i the underlined
substring of length ` = 3 is duplicated in tandem. The result
equals s(i) = TCACAACAGT, where the inserted copy of
ACA is over-lined. If in the next step a substitution occurs,
the result may be s(i+1) = TGACAACAGT.
In the estimation task, one is given the sequence s(n) and
from this sequence only, she must recover the values of q
and n. Postponing the details to Section III.III-A, we present
two example of estimating these parameters to make the task
clearer. In the first example, the sequence s(n) is obtained
via simulation by letting s(0) = ACAAGATGC, q0 = 0.1533,
qd = 0.7212, q2d = 0.0784, q3d = 0.0471 for d = 9 (these
values are chosen randomly). We randomly apply n = 100 mutations to s(0) . The result s(100) = ACAAGATGCACAAGA · · ·
along with d is then passed to the estimator (described is
Section II.II-C and referred to as SMTR). This provides us
with the estimate n̂ of n as 64.53 and the estimate q̂ of q
as in Figure 1. Note that the only information given to the
estimator is the sequence s(100) and d. It can be observed that
n̂ and q̂ are reasonable estimates of n and q. Furthermore, as
we show later, the accuracy of the estimates increases as the
number n of mutations grows.
The next example illustrates the estimation of parameters
for a segment of the human genome, namely Chromosome
1: 933,911–935,015 (Ensembl), given in Figure 2. For this
sequence, SMTR gives the probability of substitution as
q̂0 = 0.3687, and the probabilities of duplications of lengths
5
i as (q̂28i )i=1 = (0.1499, 0.1257, 0.0232, 0.2656, 0.0669). All
other q̂i are estimated to be 0. Furthermore, the number of
mutations is estimated as n̂ = 17.67 out of which 11.15 are
tandem duplications and 6.51 are substitutions.
The general analysis of the model is presented in the next
section. This analysis is specialized to the cases with and without substitutions in Sections II.II-B and II.II-C, respectively.
Simulation results of our estimation method, as well as its
application to the human genome, are given in Section III.
The paper is concluded in Section IV.
II. M ODELING AND E STIMATION M ETHOD
We will first present an overview of our method. Our approach relies on designing a stochastic model for the evolution
of tandem repeats in the presence of tandem duplication and
substitution mutations. Assuming the parameters of the model
(the conditional probabilities of duplication and substitution
mutations) are known, we study the asymptotic behavior
of tandem repeat sequences. This analysis is based on the
autocorrelation function since this feature well represents the
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GCTCCGTTACAGGTGGGCAGGGGAGGCG
GCTGCGTTACAGGTGGGCAGGGGAGGCG
GCTGCGTTACAGGTGGGCAGGGGAGGCG
GCTGCGTTACAGGTGGGCAGGGGAGGCG
GCTGCGTTACAGGTGGGCAGGGGAGGCG
GCTCCGTTACAGGTGGGCAGGGGAGGCG
GCTGCGTTACAGGTGGGCGGGGGAGGCG
GCTGCGTTACAGGTGGGCAGGGGGGGCG
GCTGCGTTACAGGTGGGCGGGGGAGGCG
GCTGCGTTACAGGTGGGCGGGGGAGGCG
GCTGCGTTACAGGTGGGCGGGGGAGGCT
GCTCCGTTACAGGTGGGCGGGGGGGGCG
GCTGCGTTACAGGTGGGCGGGGGAGGCG
GCTCCGTTACAGGTGGGCGGGGGAGGCG
GCTGCGTTACAGGTGGGCAGGGGAGGCG
GCTGCGTTACAGGTGGGCGGGGGAGGCG
GCTGCGTTACAGGTGGGCGGGGGAGGCG
GCTGCGTTACAGGTGGGCGGGGGGGGCG

GCTGCGTTACAGGTGGGCAGGGGAGGCG
GCTGCGTTACAGGTGGGCAGGGGAGGCG
GCTCCGTTACAGGTGGGCAGGGGAGGCG
GCTGCGTTACAGGTGGGCAGGGGAGGCG
GCTCCGTTACAGGTGGGCAGGGGAGGCG
GCTGCGTTACAGGTGGGCAGGGGAGGCG
GCTGCGTTACAGGTGGGCGGGGGAGGCG
GCTGCGTTACAGGTGGGCGGGGGAGGCG
GCTCCGTTACAGGTGGGCGGGGGAGGCG
GCTGCGTTACAGGTGGGCGGGGGGGGCG
GCTCCGTTACAGGTGGGCGGGGGAGGCT
GCTGCGTTACAGGTGGGCGGGGGGGGCG
GCTGCGTTACAGGTGGGCGGGGGAGGCG
GCTGCGTTACAGGTGGGCGGGGGAGGCG
GCTGCGTTACAGGTGGGCAGGGGAGGCG
GCTCCGTTACAGGTGGGCGGGGGAGGCG
GCTGCGTTACAGGTGGGCGGGGGAGGCG
GCTGCGTTACAGGTGGGCGGGCGG

Figure 2: An example of a tandem repeat sequence from the
human genome.
(approximate) periodicity that results from duplication and
substitution mutations. We determine the limit set of the
autocorrelation function as a function of model parameters.
We will then address the inverse problem of estimating the
parameters given a sequence, assuming that its autocorrelation
is close to the limit. This in turn enables us to estimate the
counts of mutations of different types in the history of the
sequence.
While this paper is focused on tandem duplication and
substitution mutations, the method proposed for the analysis
of stochastic models of mutations is more broadly applicable.
For example, it is extendable to other types of mutations and
features other than autocorrelation. It is thus a versatile method
for extracting information from genomic data.
A. General Analysis via Stochastic Approximation
In this section, we first present a general framework for
the problem of analyzing the evolution of sequences under
duplication and substitution mutation processes using stochastic approximation, which relates the problem to an ordinary
differential equation (ODE). We then specialize this method
to the analysis of the autocorrelation function in systems with
tandem duplication and substitution.
Let s be a circular sequence over some alphabet A that
“evolves” over time. The process starts with s(0) and in each
step, s(i) is obtained from s(i−1) through a random mutation.
The reason that we choose s to be a circular string, and not a
linear one, is to avoid the technical difficulties of dealing with
its boundaries. In our notation s(i) is the instance of s at time
i. However, if it causes no ambiguity, we may use s instead
of s(i) . We use Li to denote the length of s(i) .
For an ordered set U , let Rn = (Rnu )u∈U be a vector
representing the number of appearances of objects u ∈ U in
n
the sequence s at time n and let ρn = R
Ln be the normalized
version of Rn . For example, U can be the set of all strings
over A with length at most three. Our goal is to find out how
ρn changes with n by finding a differential equation whose
solution approximates ρn .
Define Fn to be the filtration generated by the random variables {ρn , Ln }. Furthermore, let E` [ · ] denote the expected

value conditioned on the fact that the length of the duplicated
substring is ` and let δ ` = E` [Rn+1 |Fn ] − Rn . Recall that
q0 is the probability of a substitution and qi , i > 0 is the
probability of the event that a sequence of length ` = i is
duplicated. The following set of conditions must be satisfied
for our analysis. Among them, we assume (A1). It is easy
to see that (A2)-(A3) are true, and (A4)-(A5) will be evident
after we find δ ` .
(A1) There exists K ∈ N such that qi = 0 for i > K.
(A2) Rn+1 − Rn is bounded and, thus, so is δ ` .
(A3) ρn is bounded.
(A4) For each `, δ ` is a function of ρn only (so we can write
δ ` = δ ` (ρn )).
(A5) The function δ ` (ρn ) is Lipschitz.
To understand how ρn varies, our starting point is the
difference sequence ρn+1 − ρn . We note that




ρn+1 − ρn = E ρn+1 − ρn Fn + ρn+1 − E ρn+1 Fn .
(1)
For the first term of the right side of (1), we have
K

 X



E ρn+1 − ρn Fn =
q` E` ρn+1 Fn − ρn
`=0



K
X
Rn + δ ` (ρn ) Rn
=
q`
−
Ln + `
Ln
`=0

K

1 X
q` h` (ρn ) 1 + O L−1
n
Ln
`=0

1
=
h(ρn ) 1 + O L−1
,
(2)
n
Ln
PK
where h` (ρ) = δ ` (ρ) − `ρ, h(ρ) =
` h` (ρ), and
`=0 q
where we have used 1/(Ln + `) = 1 + O L−1
/Ln which
n
follows from the boundedness of ` (see (A1)).
Furthermore, for the second term of the right side of (1),
we have



 Rn+1
Rn+1
ρn+1 − E ρn+1 Fn =
−E
Fn
Ln+1
Ln+1

1 + O L−1
n
=
(Rn+1 − E[Rn+1 |Fn ])
Ln

1
=
1 + O L−1
M n+1
(3)
n
Ln

=

where M n+1 = Rn+1 − E[Rn+1 |Fn ]. Note that M n is a
bounded martingale difference sequence.
From (1), (2), and (3), 
we find ρn+1 = ρn +
1
−1
h(ρ
)
+
M
+
O
L
used
n+1
n
n
Ln
 , where we have −1
 the
fact that h(ρn ) 1 + O L−1
=
h(ρ
)
+
O
L
n
n
n . This
follows from the boundedness of h(ρn ), which in turn follows
from the boundedness of δ(ρn ).
The aforementioned assumptions and analysis ensure that
this system can be analyzed through stochastic approximation [15, Theorem 2], by relating the discrete system describing ρn to a continuous system. In particular, the sequence
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{ρn } converges almost surely to a compact connected internally chain transitive invariant set of the ODE
dρt
= h(ρt ).
dt

(4)

While different properties of the sequence can be analyzed
via the aforementioned method, for our purpose, the autocorrelation of the sequence is the most suitable. The autocorrelation
function Rr of a sequence s = s1 · · · s|s| , si ∈ A, at lag r, is
defined as
Rr =

|s|
X

positions:
E0 [hsi , si+r i|Fn ] = E0 [hsi , si−r i|Fn ] = ρrn ,
1 − ρrn
E0 [hs0i , si+r i|Fn ] = E0 [hs0i , si−r i|Fn ] =
,
3


Ln X
i
i
X
1 X
E`  hsj , sj+r i Fn  =
hsj , sj+r i
Ln i=1
j=i+`−r+1



Ln X
i+`
i+`
X
1 X
E`  hsj , sj+r−` i Fn  =
hsj , sj+r−` i
Ln i=1
j=i+`−r+1

=

E` 

where each index of s should be replaced by its representative
(modulo |s|) in the residue system {1, . . . , |s|}, and where
hα, βi = 1 iff α = β and hα, βi = 0 otherwise.
Let Rnr denote the autocorrelation of function after n
muRr
tations starting from the seed sequence and let ρrn = Lnn . We

n
study the vectors Rn = Rn0 , Rn1 , . . . , Rnm−1 and ρn = R
Ln ,
0
0
for a constant m. Note that Rn = Ln and ρn = 1.
Let s = s(n) = s1 · · · s|s| be the sequence at time n. At time
n + 1, either a substitution or a duplication has happened. In
the former case, suppose the symbol at position i is changed
to another symbol of the alphabet, and in the latter case,
suppose that the substring si+1 · · · si+` is duplicated in a
tandem manner; after duplication the sequence becomes
s1 · · · si si+1 · · · si+` si+1 · · · si+` si+`+1 · · · s|s| .
Fix the value of i. For ` = 0, i.e., the case of a substitution,
r
Rn+1
= Rnr − hsi , si+r i − hsi , si−r i + hs0i , si+r i + hs0i , si−r i,

where s0i denote the new (mutated) symbol.
Now we consider the case of ` > 0, which corresponds to
tandem duplications. For 0 < ` ≤ r, we have

r
Rn+1
= Rnr −

hsj , sj+r i +

j=i+`−r+1

i+`
X

hsj , sj+r−` i.

j=i+`−r+1

The conditions resulting in the first summation j ≤ i and j +
r > i + ` and those resulting in the second summation are
i < j ≤ i + ` or i + ` < j + r ≤ i + 2`. For ` > r,
r
Rn+1
= Rnr +

i+`−r
X
j=i+1

j=i+`−r+1

hsi , si+r i,

i=1

i
X

j=i+`−r+1

= (r − `)ρrn ,

hsj , sj+r i +

i+`
X

hsj , sj+r−` i.

j=i+`−r+1


Let
h` (ρn )
=
h0` (ρn ), . . . , hm−1
(ρn )
=
`
E` [Rn+1 − Rn |Fn ] − `ρn . To compute h` , we first
find the following expected values, where r > 0 and where
i is randomly and uniformly distributed among the Ln

i+`−r
X


hsj , sj+r i Fn  =

j=i+1

rρr−`
n ,
Ln i+`−r
X
1 X
hsj , sj+r i
Ln i=1 j=i+1

= (` − r)ρrn .
From these we find that
(
− 83 ρr + 23 ,
r
h` (ρ) =
rρr−` − rρr ,

`=0
`>0

(5)

and


X
d r
8 r 2
ρt = q 0 − ρt +
+r
q` ρr−`
− (1 − q0 )rρrt (6)
t
dt
3
3
`>0

for 0 < r < m − 1. We thus see that the set of equations
governing ρ are linear.
For m ≥ K, we can write (6) as
d
ρ = Aρt ,
(7)
dt t
where A is the m × m matrix whose rows and columns are
indexed by {0, 1, . . . , m − 1} and its elements are given as


2q0 /3 + rqr ,
if r > j = 0,





,
if r > j > 0,
rqr−j + rq
 r+j
8
Arj = q0 r − 3 + rq2r − r,
if r = j > 0, (8)


rqr+j ,
if j > r > 0,



0,
r = 0.
For example, if m = 3, K = 2, then

0
0
A =  2q30 + q1 − 5q30 + q2 − 1
2q0
2q1
3 + 2q2



0
0
− 2q30

.

(9)

−2

To determine the stability of P
(7) we use the Gershgorin
circle theorem. We note that
j Arj = −2q0 and that
Arr = − 8q30 − r(1 − q0P
− q2r ) for r > 0. The circles centered
at Arr and with radius j Arj −Arr = 2q30 +r(1 − q0 − q2r )
in the complex plane either do not intersect the right half
of the plane or they intersect it only at 0. Hence, by the
Gershgorin circle theorem, the eigenvalues of A are either 0 or
m−1
have negative real parts. Let (λj )j=0 denote the eigenvalues
of A, with λ0 =
√ 0 and λj = aj + ıbj for j > 0, where aj < 0
and ı denotes −1. For 0 ≤ r ≤ m − 1, we have
ρrt

= cr0 (t) +

m−1
X
j=1

cjk (t)eaj t+ıbj t ,

5

where crj (t) are polynomials in t of degree at most m. Since
ρr (t) is bounded between 0 and 1, it is evident that cr0 (t) is
in fact a constant. Let this constant be denoted by ρr∞ . We
thus have
m−1
X
ρrt = ρr∞ +
cjk (t)eaj t+ıbj t ,
(10)
j=1


which implies that ρ0t , . . . , ρm−1
converges to ρ∞ =
t
0
ρ0∞ , . . . , ρm−1
.
Note
that
ρ
=
1.
∞
∞
d r
From (10), we have limt→∞ dt
ρt = 0. By taking the limit
d
of the equation dt ρt = Aρt as t → ∞, it follows that
Aρ∞ = 0,
implying that ρ∞ is in the null space of A. It can then be
shown that ρn converges almost surely to the null space of A.
In the following sections, we consider the null space of A
in two cases. First, we assume q0 = 0, that is, there are no
substitutions. Next we study the case with positive probability
of substitutions, i.e., q0 > 0.
B. Tandem Duplication
In this section, we consider the case in which the only type
of occurring mutations is tandem duplication. We show that
in this case the null space of A is simple.
Theorem 1. Suppose q0 = 0. Let P = {i : i > 0, qi > 0}
and d = gcd P . The normalized autocorrelation ρn =
ρ0n , . . . , ρm−1
n
 convergesj almost surely to a vector ρ∞ =
ρ0∞ , . . . , ρm−1
, where ρ∞ is periodic in j with period d,
∞
ρj∞ = 1 if j ≡ 0 (mod d), and ρj∞ = ρd−j
∞ . In particular,
every pair of symbols at distance d in s(n) are, with high
probability, the same.
The theorem implies that regardless of the seed, after
many duplications, the sequence becomes almost periodic with
period d. The periodicity is expected since no substitutions
occur. However, the period is not the dominant or the shortest
duplication length, but rather it is the gcd of all lengths i
for which the probability of duplication qi is positive. For
example, if duplications of lengths 4 and 6 occur, the sequence
becomes approximately periodic with period 2. Since given P ,
d does not depend on the values of the qi , observing d does
not provide enough information for estimating q and thus,
in this case, we are not able to solve the inverse problem.
Nevertheless, the study of this case lays the foundation for
the more complex case in which substitutions are present and
where we are able to solve the inverse problem.
To prove Theorem 1, we first prove the following lemma.
Lemma 2. Let q0 = 0, P = {i > 0 : qi > 0}, and d = gcd P .
Furthermore, let S(t) = Span v 0 , . . . , v bt/2c , where v i =
T
(vi,0 , . . . , vi,m−1 ) , with
(
1,
j ≡ ±i (mod t),
vi,j =
0,
otherwise.
We have Null(A) = S(d).

Proof: Let B = (Brj ) be an m × m matrix, with rows
and columns indexed by 0, . . . , m − 1, defined by

qr ,
if j = 0



q
if 0 < j < r
r−j + qr+j ,
Brj =
(11)

q
−
1,
if j = r
2r



qr+j ,
if j > r
Since q0 = 0, we have Null(B)
P = Null(A). We further recall
that qi ∈ R, qi ∈ [0, 1], and i qi = 1. Additionally, assume
i1 < i2 < · · · < ik are the only indices for which qij > 0.
Finally, we assume m is large enough to enable us to see all
the nonzero qi ’s in the matrix, or more formally, we require
m ≥ ik .
We are interested in finding the null-space of B. Instead of
doing this directly, we consider the matrix
A0 = I + B.
The goal now is to find the right eigenspace of A0 for the
eigenvalue 1.
First we prove S(d) ⊆ Null(B). We do this by showing
that for all v i ∈ S(d), v i is in the right eigenspace of A0
corresponding to the eigenvalue 1, i.e., A0 v i = v i . This is
immediate when we note that when i ≡ ±a (mod d), in the
ith row of A0 (numbering of rows and columns starts from
0), coordinates j ≡ ±a (mod d) contain all the elements qid ,
and in particular, qi1 , qi2 , . . . , qik .
It is obvious that the vectors in S(d) are linearly independent. To complete the proof we need to show that the geometric multiplicity of the eigenvalue 1 of A0 is |S(d)| = bd/2c+1.
The matrix A0 is stochastic, and therefore, its spectral radius
is ρ(A0 ) = 1. Let GA0 be the (weighted) directed graph whose
adjacency matrix is given by A0 . By Perron-Frobenius theory,
it is well known that the eigenvalues of A0 are the union
(in the multiset sense) of the eigenvalues of the irreducible
components of GA0 . Additionally, the geometric multiplicity
of ρ(A0 ) (also called the Perron-Frobenius (PF) eigenvalue of
A0 ) is 1 for each irreducible component.
Combining the above, and remembering the PF eigenvalue
of an irreducible graph is a weighted average of the outweight of its vertices, we obtain that the geometric multiplicity
of ρ(A0 ) = 1 is exactly the number of irreducible sink
components of GA0 . Thus, as a final step in the proof, we
show that the number of irreducible sink components of GA0
is exactly bd/2c + 1.
Let us denote the vertices of the graph GA0 by
w0 , w1 , . . . , wm−1 . From each w` , ` > 0, we have k out-going
edges corresponding to i1 , i2 , . . . , ik . The edge corresponding
to ij is directed from w` to w`−ij when ` ≥ ij , and otherwise
to wij −` . When describing a path we shall refer to this edge as
“taking ij from w` ”. Finally, vertex w0 has a single out-going
edge which is also a self-loop.
By construction, all vertices w` for ` ≥ ik have incoming
edges from vertices w`0 with `0 > `. Thus, they are certainly
not part of an irreducible sink component. We therefore
concentrate on vertices w0 , w1 , . . . , wik −1 only. We now look
at the irreducible components over these vertices.

6

For each ij , starting from w` , 0 < ` < ik , we can take a
path representing the orbit of −ij modulo ik . If ` ≥ ij , then
we can move from w` to w`−ij . If ` < ij we can also do this
but we require two steps: from w` to wij −` by taking an ij
step, and then from wij −` to wik −(ij −`) by taking an ik step.
Indeed
ik − (ij − `) ≡ ` − ij (mod ik ).
Since we can do this for every ij every node w` is connected
to every node w`0 with ` ≡ `0 (mod d). Also, by taking the
ik edge from each node, we can see that from every node w`
we can reach every node w`0 with ` ≡ ±`0 (mod d).
The only exception to the above are nodes w` with ` ≡ 0
(mod d) since they get “stuck” at w0 , which is an irreducible
sink component on its own. We therefore reach the conclusion
that there are exactly bd/2c + 1 irreducible sink components
which are of the form
Va = {w` | 0 < ` < ik , ` ≡ ±a (mod d)},
for 0 < a ≤ d/2, as well as V0 = {w0 }.
Proof of Theorem 1: Since ρ∞ is in the null space of A,
where the null space of A is given by Lemma 2, ρ∞ is a linear
combination of the vectors S(d). Furthermore, by definition
we know that ρ0∞ = 1. In the basis of S(d) given in Lemma 2,
the only vector that has a nonzero element in the 0th coordinate
is
(
1,
j ≡ 0 (mod d),
v0,j =
0,
otherwise.
So the coefficient of v 0 in the linear combination describing
ρ∞ is 1 and thus ρj∞ = 1 if j ≡ 0 (mod d). We hence have
Theorem 1.

We now show Av = 0, which along with dim Null(A) = 1,
implies that Null(A) = Span(v). Let (Av)r denote the rth
element of Av for r = 0, 1, . . . , m−1. Since the 0th row of A
is all zero, we have (Av)0 = 0. Based on (8), for (Av)r = 0
to hold when r > 0, we require


X
2
q0
(1 − 4vr ) + rvr + r
v|kd−r| qkd − rvr = 0.
3
k:1≤kd≤m

This holds for r 6≡ 0 (mod d) if we let vj = 14 for all j 6≡ 0
(mod d). Finally, for r ≡ 0 (mod d), r > 0, we can choose
vd , v2d , . . . such that the above equality holds as these are not
restricted in the statement of the lemma.
From the lemma, it follows that there is only one valid
solution to the equation Aρ∞ = 0 which satisfies ρ0∞ = 1.
This unique point is the limit of the autocorrelation function.
We have thus shown that if we know q, we can determine
ρ∞ . We now turn to the estimation problem, which is the
inverse of determining ρ∞ using q. In other words, we are
given a sequence whose autocorrelation we can compute and
our goal is to determine q. Note that we can rewrite the
equation Aρ∞ = 0, where A is the matrix given in (8), as

 

q0
ρ1∞
 q1  

2ρ2∞

 

C .  = 
(12)
,
.
..
 ..  

qm
(m − 1)ρm−1
∞
where C = (Cri ) is a (m − 1) × (m + 1) matrix whose
elements are
(

2
+ r − 83 ρr∞ ,
i=0
3
Cri =
i−r
rρ∞ ,
otherwise,

C. Tandem Duplication and Substitution
We now consider both tandem duplication and substitution
mutations and describe how the parameters of the model,
as well as the number of mutations of each type, may be
estimated. Note that while the parameters of the model are
unknown, we have access to the sequence s(n) for some n.
We show that the autocorrelation function converges to
a single point when duplication and substitution mutations
are present. This fact, proved in the following lemma, will
facilitate the design of the estimator.
Lemma 3. Let q0 > 0, P = {i > 0 : qi > 0}, d = gcd P ,
and let A be the matrix of (8). We have Null(A) = Span(v),
T
where v = (v0 , . . . , vm−1 ) is a vector satisfying v0 = 1 and
1
vj = 4 for j 6≡ 0 (mod d).
For example, for d = 3, v = (1, 14 , 14 , v3 , 14 , 14 , v6 , 14 , . . . )T .
Proof: Consider a matrix A0 obtained from A by replacing
the first all-zero row with the row vector (1, 0, . . . , 0). By a
simple application of the Gershgorin circle theorem,
X
|A0rr | −
A0rj = 2q0 > 0,
j6=r

for all r > 0, and therefore all the eigenvalues of A0 are nonzero, i.e., rank(A0 ) = m. Thus, we have rank(A) = m − 1,
and therefore dim Null(A) = 1.

where r ∈ {1, . . . , m − 1} and i ∈ {0, 1, . . . , m}.
Given ρ∞ , we can solve (12) for q. Since we only know
the sequence after a finite
time n, we approximate ρ∞ by

ρn = ρ0n , . . . , ρm−1
computed
from s(n) . In our model,
n
there exists K such that qi = 0 for i > K. However, the value
of K is unknown to us. We thus choose some m0 and assume
that qi = 0 for i > m0 . The value of m0 can be chosen for
example based on our knowledge of the underlying biological
processes, such as slipped-strand mispairings [7], that lead to
tandem repeats. Furthermore, the value of m0 should be chosen
large enough so that m0 ≥ K with a high degree of confidence.
Note that there are m0 + 1 unknown quantities, namely, the
elements q0 , . . . , qm0 of q. Another parameter is the number
of equations used to estimate q, denoted m00 , which should
be chosen close to m0 . Having chosen m0 , m00 , we can write
(12) as

 

ρ1n
q0
 q1   2ρ2n 
 

0
C . =
(13)
,
..
 ..  

.
00
qm0
m00 ρm
n
where C 0 is the matrix containing the first m00 rows and the
first m0 + 1 columns of C. Now to obtain an estimate of q =
(q0 , q1 , . . . , qm0 ) we can solve the least-square curve fitting
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problem
0

q̂ = arg min kC q −
q

2
ρn k2

s.t. 1qT = 1

(14)
0

qi ≥ 0, for 0 ≤ i ≤ m .
The solution q̂ of this problem contains an estimate of the
substitution probability q0 and the probabilities q` of duplications of lengths `. Noting that the expected
length added to
Pm0
the sequence by each mutation is i=1 iq̂i , we estimate the
total number n of mutations that have occurred as
s(n) − s(0)
n̂ = Pm0
,
(15)
i=1 iq̂i
where we assume the length of the seed s(0) is equal to the
pattern length. The estimator based on the proposed Stochastic
Model of Tandem Repeats and defined by (14) and (15) is
referred to as SMTR.
In tandem repeat sequences observed in genomes, such as
the one given in Figure 2, it is clear that duplication events
have lengths that are multiples of a certain value, leading to
a pattern of that length appearing many times. We refer to
this length as the pattern length and to the number of times
that the pattern appears as the copy number. While in general
SMTR does not need to know the pattern length to provide
estimates of the mutation probabilities, if it is known, we can
set qi = 0 for i not divisible by the pattern length.
Since our method relies on asymptotic approximation, for
short sequences, specifically those with copy number ≤ 3, we
provide an alternative estimation algorithm. In such sequences
there is ≤ 2 duplication events of length equal to the pattern
length and 0 or more substitutions. The number of duplications
can be found easily from the length of the sequence. Let ai be
the number of distinct symbols appearing at the ith position
(relative to the start of the pattern) of different copies minus
1. For example, for ACTGCTACT, we have a1 = 1, since
two symbols, A and G, appear in the first position of different
copies, and a2 = a3 = 0. The ai can be used to infer the
number of substitutions. A substitution will contribute to ai
only if it occurs after the first duplication event. To account for
hidden
P substitutions, we estimate the number of substitutions
as ( i ai ) (r+1)
r , where r is the number of duplication events.
So we have estimates both for the number of substitutions
and the number of duplications. Note that in this simple
analysis, we have assumed that each substitution results in
a new symbol, which is a reasonable assumption for a small
number of mutations.
III. S IMULATION AND DATA A NALYSIS R ESULTS
In this section, we use simulation to evaluate the performance of SMTR by comparing its estimates of the model
parameters with the true values. We also compare SMTR to
DTSCORE introduced by Elemento and Gascuel [16], which
was shown to outperform similar methods [14]. Further, we
apply SMTR to tandem repeats in the human genome to study
variation across chromosomes and pattern lengths.
In the results that follow, we set the computation parameters
as follows. First, we find ρ = (ρr ) for r = 0, 1, . . . , b |s|
2 c. This

ensures that each value of the autocorrelation function is the
0
average of at least |s|/2 values.
j kFurthermore, we let m =
|s|
00
∗
∗
m = min max(10d, 5r ), 2 , where r = arg maxr ρr .
The max here is intended to ensure that m0 is large enough,
while the min ensures that all needed values of ρ are available.
We note that in (15), if q̂0 is close to 1, then the estimate n̂ for
n may be very large. It is reasonable to expect that n̂ is not
larger than the length of the sequence. Thus, we heuristically
add the constraint (d, 2d, . . . , m0 d)(qd , q2d , . . . , qm0 d )T ≥ 1
to (14), where d is the pattern length. This ensures that on
average each mutation contributes at least 1 to the length
of the sequence. Finally, while the estimation method is
geared towards tandem repeats with substitution mutations, our
inspection of the results shows that for perfect tandem repeats,
the algorithm returns probability near zero for substitution
mutations, as expected, and nearly uniform probability for
different duplication lengths. Thus, in the results that follow,
we apply it to tandem repeats regardless of the apparent
presence of substitution mutations.
A. Simulation Results
We now turn to evaluating the performance of SMTR
through simulation and also compare it with DTSCORE [16].
We show that SMTR provides more accurate estimates and is
significantly faster compared to DTSCORE.
In our simulation set up, we first generate a random seed
s(0) of a random length d that then undergoes n random
substitutions and tandem duplications, where the probabilities
of these events are given by q, itself randomly generated. The
resulting sequence s(n) and the pattern length d are then passed
to the SMTR estimator, which of course does not know s(0) ,
n, or q. We evaluate the performance by finding the L2 error
in estimating q̂, kq̂ − qk2 , averaged across N experiments for
each value of n. We also find the normalized root mean square
(NRMS) error in estimating n. For a given value of n, NRMS
Error is defined as
v
u
N
1u
1 X
NRMSE(n, n̂) = t
(n̂i − n)2 ,
n N i=1
where N is the number of experiments with n mutations and
n̂i is the estimate for n in the ith experiment.
We find the errors for two different cases: for a pair of
given values for n and q, we estimate n̂ and q̂ based on 1)
a single sequence and 2) ns sequences all generated with parameters q and n. In the latter case, estimates are obtained for
each sequence individually and then averaged. The multiplesample case is intended to show that performance improves, as
expected, with more data. Due to the large number of tandem
repeat sequences in many genomes, it is reasonable to expect
that for a set of factors affecting duplication probabilities, e.g.,
GC content and pattern length, a given set of values for these
factors is likely to arise multiple times. When studying the
effects of such factors on mutation rates, we may expect a
similar performance improvement by averaging the estimates
among all instances with the same set of values for the factors.
More detail on the simulation setup is given below. The
results are given in Figure 3 where n ranges from 10 to
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Figure 3: Errors of the estimate q̂ of q, (a), and the estimate n̂ of n, (b) .

500, with step size equal to 10. For each value of n, the
experiment is performed N = 500 times, and in each of these
N trials, estimates are obtained based on a single sequence
and based on ns = 5 sequences drawn for the same seed and
q. We observe that as n increases, the errors sharply decrease.
For a single sequence and a small number of mutations, the
estimation algorithm relies on a very limited amount of data.
As the number n of mutations increases, the sequence becomes
longer, providing more data in the form of the autocorrelation
function and asymptotic approximations become more accurate. It is also observed that with more samples for the same
set of parameters, more accurate estimates are obtained.
We now describe the process of sequence generation and
estimation in more detail. The seed sequence s(0) is a random
sequence over the alphabet {A, C, G, T} of a random length
that is chosen uniformly from the set {4, 5, . . . , 10}. We set
d for the duplication process (all duplication lengths will be
multiples of d) equal to the length of the seed. To choose q,
we choose q0 , qd , q2d , and q3d by randomly selecting a point
from the simplex
{(α1 , α2 , α3 , α4 ) | α1 + · · · + α4 = 1, α1 , . . . , α4 ≥ 0}.
All other values of q are set to 0. We then perform n
mutation steps, each a substitution with probability q0 or
a tandem duplication of length id with probability qid , for
i ∈ {1, 2, 3}. If in a tandem duplication step, the length chosen
for duplication is larger than the length of the sequence, the
whole sequence is duplicated. Note that since the length of the
sequence grows, such an event may only happen a few times
at the beginning of the process.
We now compare the performance of SMTR with
DTSCORE [16]. DTSCORE is a distance-based algorithm
designed to find the duplication history in the form of a
tree for a given sequence, thus providing estimates for the
number of duplications of various lengths. In [14], it was

shown that DTSCORE performs better than other algorithms
for identifying the duplication tree, including TRHIST [12]
and WINDOWS [13]. Due to the slower speed of DTSCORE
(the worst-case time complexity is O(L4 ), where L is the copy
number of the sequence), we restrict the range of the number
of mutations n to {10, 20, . . . , 120} and also reduce N = 200
but maintain ns = 5. The comparison is given in Figure 4.
Since from DTSCORE, we can only derive estimates for the
counts of duplications but not substitutions, we compare the
accuracy of estimating q0 = (q10 , q20 , . . . ) where qi0 for i ≥ 1
is defined as
qi
qi0 =
·
1 − q0
From Figure 4a, it is clear that SMTR estimates q0 with
significantly higher accuracy than DTSCORE. Furthermore, if
multiple samples from the same distribution are available, the
improvement for SMTR is larger than for DTSCORE. Finally,
the execution time of SMTR is faster than DTSCORE. In
particular, for n = 120, on average, SMTR needs no more
than 0.015 seconds to compute the estimate, while DTSCORE
needs 14.11 seconds, almost 3 orders of magnitude longer.
B. Tandem Repeats in the Human Genome
We now apply SMTR to tandem repeats in the human
genome to estimate the number of substitution and tandem
duplication mutations for each. We use these estimates to
explore the variation of mutation rates for minisatellite and
microsatellites and across chromosomes.
We use the Tandem Repeats Database (TRDB) [17], which
provides the set of tandem repeats in each chromosome, as
identified by the Tandem Repeat Finder (TRF) algorithm,
and related information such as the length of the repeat unit
and indel (insertion/deletion) percentage. As a preprocessing
step, among overlapping repeats, we keep only one. We also
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remove repeats with unknown (N) bases and those with copy
number less than 2. Finally, we discard repeats whose indel
percentage is nonzero, as our model does not include insertion
and deletion mutations. As an example, the number of repeat
sequences in chromosome 1 reduces from 93, 626 to 38, 628
as a result of preprocessing.
We applied the SMTR algorithm to tandem repeats in each
chromosome. The results for chromosome X are given in
Figure 5a. Each point in this plot corresponds to a tandem
repeat sequence. The position of each point is determined by
the estimated number of tandem duplications and substitutions
that occurred to create the sequence. It can be observed that

tandem repeat sequences can roughly be divided into two
clusters with different behaviors: one dominated by tandem
duplication mutations and the other by substitution mutations.
This difference in behavior matches well with the classification of tandem repeats as microsatellites and minisatellites,
with pattern lengths of 1-10 and 11-100 bases, respectively.
Other chromosomes exhibit behavior similar to chromosome
X illustrated here. Among all chromosomes, the minimum
Kendall tau correlation coefficient between the rankings of
repeats based on length of the pattern and based on the fraction
of mutations that are substitutions was 0.5160. Given the large
number of tandem repeats in each chromosome, such high
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correlation coefficients lead to p-values that are practically
zero (as computed with MATLAB).
The different mutation profiles suggest that these two types
of tandem repeats may result from different mutation mechanisms. This is compatible with previous findings, where polymerase slippage is thought to give rise to microsatellites while
unequal recombination is believed to cause the heterogeneity
observed in minisatellites [18]. Our method is only designed
to model slippage and not recombination. The fact that it
generally estimates the number of substitutions to be higher
for minisatellites than microsatellites can be the result of
higher raw heterogeneity that is observed in microsatellites
and/or caused by model mismatch. The results of this analysis
suggests that it is possible to design statistical test to decide the
origin of tandem repeat sequences, as a means of classifying
them, rather than relying on classification merely based on
pattern length. We leave developing such tests to future work.
We now turn our attention to evaluating the variation of
mutation rates across chromosomes. Through comparison with
the chimpanzee genome [19], [20], [21], it is known that
mutation rates vary across chromosomes. To see whether
this variation can also be observed in repeated regions, we
study the number of mutations in tandem repeat sequences
across chromosomes. Since our model represents replication
slippage, we only consider tandem repeats with short patterns.
Specifically, for tandem repeats with pattern length ≤ 10, we
estimate the number of substitution and duplication mutations.
As a measure of mutation activity, we find the average of the
ratio of the the number of substitutions to the length of the
tandem repeat sequence for each chromosome (Figure 5b).
The top five chromosomes that have the highest substitution
rates are Y, 21, 22, 19, and 16. Based on comparison with the
chimpanzee genome [21], the five chromosomes with highest
mutation activity are Y, 21, 19, 22, and 16. The fact that the top
five match (p-value=0.00002) suggests a strong relationship
between substitutions in repeated regions and overall mutation
activity in chromosomes. On the other hand, the results are not
exactly aligned. For example, while chromosome X has the
smallest divergence from chimpanzee, here it does not have the
smallest normalized number of substitutions. We also repeated
this analysis for repeats with maximum pattern lengths of 8,
9, 11, and 12, and in all cases, at least four of the top five
matched the result from comparison with chimpanzee [21].
Overall, our results suggest estimation of mutation activity
based on tandem repeats can be a powerful tool in studying
mutations since unlike existing methods it relies on a single
genome rather than on comparison of genomes from different
species.
We also considered the average number of mutations per
tandem repeat for each chromosome (Figure 5c). On average,
tandem repeats in chromosome 21 have a higher number of
mutations than other autosomes. The reason for this behavior is
unknown to us but it is interesting to note that individuals with
trisomy 21 can survive into adulthood, which suggests that mutations in chromosome 21 are relatively better tolerated. The
average number of duplication mutations is in fact estimated
to be higher in chromosome 21 than the Y chromosome. The
higher number of mutations in chromosome 21 compared to

other autosomes is also observed if we set the upper bound
on the length of the patterns that are considered at 8, 9, 11,
and 12.
In Figure 5c, 3 of the 5 chromosomes with the highest
total number of mutations in microsatellites, Y, 21, and 22,
match the result from [21]. While this also suggests a higher
mutation activity in these chromosomes, care should be taken
in interpreting results about mutation counts that are not
normalized by the length of the sequence. The opportunity
for mutation increases with length and copy number. In
particular, increased copy number may increase the probability
of misalignment during replication [22]. Another factor that
can affect the number of mutations in a complex manner is the
interplay between substitution mutations and tandem duplication mutations: if many substitutions occur, the copies become
more heterogeneous, which may decrease the possibility of
misalignment. This interaction is not taken into account in
our model and left to future work.
IV. C ONCLUSION
In this paper, we introduced a new stochastic model for
tandem duplication and substitution mutations, and analyzed
it via stochastic approximation. In particular, we fully characterized the limit set of the stochastic process described by
the model. In addition to enabling us to predict the behavior
of a sequence that undergoes tandem duplication and substitution mutations, this characterization allowed us to derive a
minimization problem whose solutions are estimates of the
mutation probabilities for tandem duplication and substitution.
We showed further that it is possible to estimate the total
number of mutations. Finally, we evaluated the estimation
method via simulation by generating random sequences and
comparing the estimated probabilities with the true values and
also applied it to the human genome, where it demonstrated
the differing behavior of micro- and mini-satellites as well as
the variability of mutation activity across chromosomes.
Advantages of our method include its scalability and the
fact that it relies on a single sequence to infer occurrences of
mutations. While with this method, we can learn only about
mutations in tandem repeat regions, our results show that the
findings may be applicable to surrounding regions and can
be of use in forming hypotheses about mutation activity, for
example, about factors that increase or decrease activity.
There still exist many open problems in stochastic modeling
and estimation for tandem repeats. For example, the model
presented here does not take into account deletions nor the
fact that the level of heterogeneity may affect the probability
of tandem duplication. Further, we only analyzed it in the
asymptotic regime and left finite-time behavior to future work.
Finally, further work is needed to accurately model mutations
other than DNA slippage that cause duplication, especially
those that lead to minisatellite repeats.
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